Abstract: Gramicidin A is a small and well characterized peptide that forms an ion channel in lipid membranes. An important feature of gramicidin A (gA) pore is that its conductance is a ected by the electric charges near the its entrance. This property has led to the application of gramicidin A as a biochemical sensor for monitoring and quantifying a number of chemical and enzymatic reactions. Here, a mathematical model of conductance changes of gramicidin A pores in response to the presence of electrical charges near its entrance, either on membrane surface or attached to gramicidin A itself, is presented. In this numerical simulation, a two dimensional computational domain is set to mimic the structure of a gramicidin A channel in the bilayer surrounded by electrolyte. The transport of ions through the channel is modeled by the Poisson-Nernst-Planck (PNP) equations that are solved by Finite Element Method (FEM). Preliminary numerical simulations of this mathematical model are in qualitative agreement with the experimental results in the literature. In addition to the model and simulations, we also present the analysis of the stability of the solution to the boundary conditions and the convergence of FEM method for the two dimensional PNP equations in our model.
Introduction and background
Gramicidin A (gA) is a well characterized short polypeptide of about hundreds of atoms with a helix structure. This peptide is relatively easy to be synthesized and manipulated, compared with a typical sodium channel which has thousands of atoms. GA is also relatively stable, and, therefore, have been widely applied in biochemical and biophysical studies. Upon head to head dimerization, gramicidin A forms an elongated channel in lipid bilayers that is permeable to small monovalent cations [47] (see (a) in Fig. 1 ). In experiments, with the application of a voltage di erence across the lipid bilayer, ions pass through the gramicidin A channel, and amplitudes of current and conductance of the channel can be measured electrically [2] . One of the most important features of gramicidin A channel is that the current and the conductance of the channel are greatly a ected by the environment near the entrance of the gramicidin A pores [3] , such as the charge densities of the solvent, the surface charge of membrane surrounding the channel, and charged functional groups attached to gramicidin A. This unique feature has led to the application of gramicidin A pores as biosensors for changes of local environments. For instance, in a recent study, gramicidin A pores were applied to detect and quantify the activities of membrane active enzymes phospholipase D (PLD) and phospholipase C (PLC) on planar lipid bilayers rapidly by measuring the conductance changes of gramicidin A pores [28] . These enzymes catalyze the hydrolysis of certain ester bonds in phospholipids and, in many lipid substrates, lead to a change in the net electrical charge of the lipid. In the case of PLD, which hydrolyzes electrically neutral phosphatidylcholine (PC) and produces negatively charged phosphatidic acid (PA), the change in membrane surface charge leads to an accumulation of cations close to the membrane surface and hence, a signi cant increase in magnitude of current and conductance of the channel. Given the fact that the gramicidin A conductance is a ected by the electric charges present near its entrance and not by those charges near its exit, these authors were able to show that if PLD is exposed only to one side of bilayer, gramicidin A conductance will change asymmetrically [28] . More speci cally, when the polarity of the applied voltage was such that the entrance of pore was placed with the negatively charged lea et, due to the activity of PLD, the conductance of gramicidin A increased over time dramatically, while the conductance almost stayed unchanged when the polarity was such that the entrance of the pore was placed with the lea et that carried no charge, since it was not in contact with PLD. Others have explored application of chemically-modi ed gramicidin As, by attachment of di erent functional charged groups such as sulfonate, amine, and phosphate, for sensing chemical and enzymatic reactions around gramicidin A channels [6, 25] . In another intriguing study, engineered gramicidin As that carried charged groups was used to control the conductance of pore [25, 27] and create an ionic diode [26] . The authors showed that dimerization of two di erent charged trimethylgramicidine monomers (positively charged gA-NMe + and negative charged gA-T − ) results in the formation of channels with asymmetric conductance. In this paper, we will model the asymmetrical changes in gramicidin A conductance that have been reported in these studies. The transport of ionic particles through ion channels is by nature a multiscale-multiphysics system. It couples the structure of the protein channels with the electrostatics, as well as di usion and convection. Over the past decades, in addition to the enormous experimental e orts, many theoretical models and computational methods at di erent scales have been developed to understand the transport of ionic uids and the mechanism of ion channels. At atomic scales, molecular dynamics (MD) and stochastic models are the most widely used tools to simulate the channel systems. Molecular dynamics simulations treat the interactions between all atoms explicitly by using atomistic interaction potential, and evolve the con gurations of whole system under the Newton's second law. Due to the computational complexity and cost, it is di cult to reach the time scale of determining the ion uxes through the channel using molecular dynamics simulation. Among the stochastic models, Brownian dynamics (BD) is a common way that extends the simulation scale by incorporating the solvent implicitly through inducing the friction tensor and stochastic forces. The Brownian dynamics simulations have been successfully used to simulate a number of biological and physiological systems [40] , such as the ion permeation in biological pores such as porin channels [41] , potassium channel [1] and channel VDAC [21] .
At continuum scale, the coupled Poisson-Nernst-Planck (PNP) system theory is a well-established model for studying the ion distribution and transport under the gradients of concentration and the electrical eld [13] . Many computational methods have been employed for solving the Poisson-Nernst-Planck equations of ion channel systems, such as nite di erences method [20, 51, 53, 54] , nite element method [23, 45] , spectral element method [16] , and nite volume method [30] . It has been demonstrated that the PNP simulations and BD simulations produce comparable results for OmpF and α-Hemolysin channel [19, 32] . While the size of gramicidin A pore is on the scale of Å, the continuous description of PNP and PNP like theory can still capture many realistic physical and biological properties. One justi cation of this may lie in the fact that while the size of pore is comparable to the ion size, the time scale of an ion particle moving through the channel is far shorter than the usual time scale of relevant biological time scale of − seconds. In fact, it can be shown that the PNP system can be rigorous derived as long time limit of kinetic descriptions or particle descriptions [48] .
The objective of this paper is to qualitatively model and simulate the conductance of gramicidin A pores in the presence of electrical charges near the channel. With a two-dimensional computational domain set for a single gramicidin A channel in a bilayer lipid membrane, Poisson-Nernst-Planck equations are used to model the ion-transport in the gramicidin A channel. This work considers the e ects of electronic charges present on the membrane surface (eg. charged lipids) as well as those charges attached to the gramicidin A (e.g. chemically modi ed gramicidin As with charged group attachments). The experimental results from the literatures are reproduced by solving Poisson-Nernst-Planck equations numerically using Finite Element Methods (FEM).
This paper is organized as follows. In the second section, we present the mathematical model of iontransport in gramicidin A pore, including the Poisson-Nernst-Planck equations, parameters and geometry setting. The analysis of the stability of the solutions to the jump conditions is also presented in this section. In the third section, Finite element method for solving Poisson-Nernst-Planck equations and corresponding analysis of convergence are discussed. The computational results and comparisons with experimental results are shown in the Results section. The nal section gives some concluding remarks.
Modeling and theoretical settings . The computational domain
In our mathematical model, a two dimensional Å × 40 Å simulation box Ω is set as the computational domain (see Fig. 1 ). Here, the origin of coordinates is placed at the center of box. The box has a macromolecule part Ωm and a solvent region Ωs. The macromolecule part Ωm consists of the membrane represented by two slabs and the gramicidin A that is represented by two ellipses:
where (x , y ) = ( , Å) and (x , y ) = ( , − Å) are the centers of the ellipses, a = Å and b = / Å are the major and minor radiuses, respectively. are used to simulate the geometry property of real protein in the channel which is wider at the entrance and exit of the channel, and thinner in the middle part. Ω I is the channel region in the solvent region Ωs. The geometries of the computational domain, especially the thickness of the membrane, the width and length of the channel are critical for reproducing the conductance changes of channel measured experimentally. It should be noted that due to our 2-D setting in this paper, the geometry of gramicidin A is only through the width and length. In our simulations, the sizes of the channel and membrane are set to be comparable with the real sizes of gramicidin A and lipid layer. The thickness of the bilayer is Å [52] . In solvent region Ωs, the channel region Ω I is from x = − / Å to x = / Å along the x direction, corresponding to a length of 2.6 nm, and the width of the pore at x = is Å [47] . As shown in Fig. 2 , the boundary of simulation box is denoted by ∂Ω and the interface between the solvent and macromolecule is Γ=Γ Γ , where Γ is the boundary of membrane and Γ is the boundary of gramicidin A exposed to the solvent.
. Continuum descriptions of ion transport
We use the Poisson-Nernst-Planck equations to model the ion transport in the ion channel. The PoissonNernst-Planck equations can be derived using the Energetic Variational Approach [12, 14, 38] . This approach is based on the concepts: Newton's force balance law, Least Action Principle [43] , Maximum Dissipation Principle [33, 34] , and energy dissipation law
is the Helmholtz free energy with internal energy U, temperature T and entropy S. As in the standard statistical physics, the particles interactions contribute to the internal energy U. These interactions can be local, such as hard core interactions or nonlocal, such as Coulomb electro static interactions. ∆ is the dissipation functional. First, we observe the following kinematic conservation of charge densities
and the Gauss's law:
Where n (p) is the density of negative (positive) ions; un (up) is the velocity of the negative (positive) ions; ϕ is electrical potential; ε is the dielectric coe cient; e = . × − C is the charge for one electron; z is the valence number of the negative or positive ion. The total energy includes all the equilibrium physics in the system:
where x(t) = x( X, t) (with x( X, ) = X) is the ow map and x = (x, y) for the two dimensional case; n∞ (p∞) is the characteristic value of initial density of negative (positive) ions; K B is the Boltzmann constant and T is the absolute temperature, K B T = . × − J is the Boltzmann energy. The rst and second terms are the thermal uctuations (Gibbs entropy) of the ion species. The last term is the electro energy. The Gauss's law (4) is equivalent to
where G( x, ξ ) is Green's kernel. By substituting (6) into (5), the energy can be written in the following nonlocal form [50] 
Above formula shows that the third term of total energy in fact is the Coulomb electro static interactions which is the particles interactions contributing to the internal energy U. The dissipation functional is de ned as follows, re ecting the linear response assumptions of the system,
In this case there are two ow maps corresponding to velocities elds, un and up : negative charge map xn and positive charge map xp, respectively. Taking map xn as example, by the Least Action Principle, we get the conservation force,
where µn := K B T( + ln n) − K B T ln n∞ − zeϕ is the chemical potential for the negative charge. Using the Maximum Dissipation Principle, we get the dissipation force,
The total force balance equation yields:
Combining equation (10) and the mass conservation of negative charge (2), we obtain,
Similarly, for positive equation, we also have,
where µp := K B T( + ln p) − K B T ln n∞ + zeϕ is the chemical potential of positive charge. Combining equation (11) and the mass conservation for the positive charge (3), we obtain,
In summary, we obtain the coupled Poisson-Nernst-Planck system,
In the Nernst-Planck equations, (12) and (13) are ion uxes and in this paper we are working on two dimensional PNP equations on the x-y plane, which is a simpli ed model of the three dimensional. Outside the channel region, the di usion constants are Dp = . × − m /s, Dn = . × − m /s and they are Dp/ and Dn/ inside the channel [18, 45] ; Ωs is the solvent region, Ω is the simulation box. In the Poisson equation (14),
where ε = . × − C /(N · m ) is the dielectric constant of vacuum, εm = is the relative dielectric constant of macromolecule, and εs = is the relative dielectric constant of solvent. The valence number of the negative and positive ion z is equal to one in our model.
The boundary and initial conditions of the Poisson-Nernst-Planck equations are as follows,
where ρm and ρm are the charge densities on the surface of membranes and protein, respectively. In particular, ρm is one part of the molecular structure (together with the geometric setting in the previous sections) of the gramicidin A protein. In these simulations, ρm and ρm have di erent values when the bilaryers and gramicidin A are charged due to enzymatic activity of PLD and due to the presence of charged group attachments, respectively. ν is unit normal vector with direction from solvent region to macromolecule part on the boundary. δV is the voltage di erence between the left and right edges of the box along x direction. Since the gramicidin A pore is permeable to cations, the entrance of gramicidin A pore is located at the positively polarized side of membrane, more speci cally, the entrance of gramicidin A is located at left (right) side of membrane when δV is positive (negative). L is the length of the box. The boundaries are shown in Fig. 2 . The current in gramicidin A pore is de ned as
where Ly is the slice of the channel along the y direction. It can be used in any x-position along the pore axis, and that shows only minor di erences. Throughout this paper, we use the chord conductance of the gramicidin A pore. It is obtained by dividing the current by the corresponding voltage di erence δV(300mV) added upon the boundaries of the computational domain.
The weak forms of Poisson-NernstPlanck equations are as follows: where
For the stability of solution with respect to the jump condition, we have the following lemma.
Lemma 2. 1. Considering p , n , ϕ and p , n , ϕ are the solutions of Problem (12)- (14) with di erent jump condition ρm = σ and ρm = σ , respectively. Here σ and σ are two constants.
Proof. If let ep = p − p , en = n − n and e ϕ = ϕ − ϕ , then ep, en and e ϕ satisfy following problem
with initial and boundary values
Multiplying (21) by e ϕ and integrating by parts, we can obtain
By Hölder inequality, Poincaré inequality and trace theory, the above formula yields
which means
Multiplying (23) by ep and integrating by parts, we get
where λ = min x∈Ωs Dp(x) and Λ = max x∈Ωs Dp(x). Here we have used the assumption ∇ϕ ∈ L ∞ (Ωs) and p ∈ L ∞ (Ωs). Combining with (29), the above formula yields
Similarly, we obtain
Adding (32) to (31), it gives
Using the Gronwall's inequality, we get
Combining with (29) and above formula, the lemma is proved.
Numerical Simulation Schemes and Convergence Analysis
In this section, we present the numerical method applied for solving the Poisson-Nernst-Planck equations ( (12), (13), (14)) and corresponding convergence theorem for the two dimensional case. The nite element method is used to do the space discretization. For the charge distribution p and n, the piecewise linear element is used with the triangulation of domain Ωs,
j= . But for the potential, since the ∇ϕ is the term we concerned in the charge distribution equations and the boundary Γ is curved, the second order isoparametric nite element is used [9] . The triangulation of domain Ω,
j= is generated by a quadratic map based on the triangulation T h . For a reference straight edge elementτ with nodeâ i , ≤ i ≤ and middle point of edgeâ ij , ≤ i < j ≤ , and an element τ in T h with node a i , ≤ i ≤ and middle point of edge a ij , ≤ i < j ≤ , there exists a quadratic map Fτ ∈ P (τ), such that Fτ(â i ) = a i and Fτ(â ij ) = a ij [9] . In fact by the de nition of Fτ, elements in T h are straight edge triangles except the elements near the boundary Γ where the quadratic curved edge triangles (Fig. 3 ) are used. If we letP = P (τ) denote the second order polynomial in reference elementτ, then we can de ne Pτ = {p : p =p • F − τ , ∀p ∈P} and isoparametric quadratic element space S h = {v h : v h |τ ∈ Pτ, ∀τ ∈ T h }.
The nite element approximations to the weak forms of Poisson-Nernst-Planck equations (18) - (20) are that 
we can get the following convergence theorem. (18)- (20) and ϕ h , p h , n h are the solutions of semi-discrete problem (35)- (37) .
Theorem 3. 2. Let ϕ, p, n are the solutions of problem
Before the proof of the theorem, we rst present a prior regularity estimate of potential ϕ. The Poisson equation (14) is an elliptic equation with discontinuous coe cient. In Ref. [5] , Babuska proved the regularity when the ux jump on the interface is zero. In Ref. [8] , Chen and Zou presented a method to get the regularity when the ux jump is not zero by constructing an auxiliary function to cancel the jump. Here we use the similar method to get a higher estimate. 
Proof: We rst let v ∈ H (Ωs) solve
We know that v ∈ H (Ωs) and v H (Ωs) ≤ C(|ρm | + |ρm |). Then we solve the following problem
Then we have
If we de nev = v , in Ωs andv = v , in Ωm, thenv ∈ X. We can setφ = ϕ −v, then
By the Theorem 1.1 in Babuska, [5] it yields
Then we have the estimate of ϕ
By a similar argument used in Ref. [8] , we have the following lemma for the error estimate of the interpolation.
Lemma 3. 4. ([8]) If v ∈ X, T h is quasiuniform and Π h : C(Ω) → S h
, is the interpolation operator, then we have
In the following proof of the theorem, we take the the homogeneous Dirichlet boundary condition, i.e. n∞ = p∞ = δV = . For the general case, we obtain a similar proof by setting p = p−p∞, n = n−n∞, and ϕ = ϕ+δVx.
Proof of Theorem 2.
A traditional trick in nonlinear partial di erent equation analysis will be used. At rst, we de ne a continuous cut o function g,
and n ≡ g(n). This means that (18)- (20) can be rewritten in the following forms,
The corresponding nite element solutions are to nd:
Step 1: estimate
Combining with the Lemma 4 and the fact that the isoparametric element makes the approximation error of the curved boundary Γ up to h , following the method presented in Ref.
[8], we get
Step 2: estimate p h − p and n h − n. 
By setting v h = θ and λ = minDp, the above formula implies
Here we use the fact
v ∈ L (Ωs) and g(p h
) is bounded by the de nition of function g. Using the estimate (53), Poincaré inequality and the Hölder inequality, we have the estimate
Here we use the inequality ρ t L (Ωs) ≤ Ch p t L (Ωs) . Considering ∇θ L (Ωs) ≥ , above formula gives
Combining with the estimate of ρ and ρ t , we derive
Similarly for n h − n, we have
Adding (58) with (57), we have
Then by using the Gronwall's inequality, we obtain
By using the inverse inequality, above formula deduces
Estimate (61) means that sup
e. g( p h ) ≡ p h and g( n h
) ≡ n h . Comparing the formula (50)- (52) with (35)- (37), we get ϕ h = ϕ h , p h = p h and n h = n h . Then, combining with (53) and (60) and replacing ϕ h , p h , n h by ϕ h , p h , n h , respectively, we can obtain,
Using the inverse inequality, we have
The implicit Euler scheme is used to do the time discretization with time step ∆t. To solve the coupled system ((35), (36) and (37)) at each time step, the convex iteration [15, 16, 31] is employed as follows. and stop. Otherwise let m = m + and go to step 2.
In the practical simulations of this ion channel system with the high jump conditions, if we start the convex iteration directly from a trivial charge density, such as p = p∞ and n = n∞, this will cost a very long iteration process to get the convergent steady state. With the Lemma 1, we know that the steady state solution is continuous with respect to the jump conditions. This provides us an iteration strategy for accelerating this convergent process to steady state. That is we do the continuation of the steady state solution with respect to the jump conditions, i.e. the steady state solutions of the PNP with low jump conditions are used as the initial densities for PNP system with a little higher jump condition. Lemma 1 ensures that as long as the change in the jump condition is small, the change of the steady solution is also small. Thus it is easy to get the steady solution with the initial density is the steady solution with a closed jump condition. So, in practical simulation, we start the time evolving from the low jump conditions, then increase the jump conditions a little bit whenever the system reaches equilibrium until we have the steady solution with the high jump conditions. This strategy can also be adopt in solving the steady state PNP directly.
In these simulations, we use a widely used meshing tool, Distmesh [35] , to generate the triangular meshes conforming the interface Γ of the box Ω. The mesh used here is re ned near the boundary to seize the behavior of boundary layer and save the computational cost. The programme is under the frame work of iFEM toolbox (https://bitbucket.org/ifem/ifem).
Results of Numerical Simulations
To demonstrate the conductance changes of gramicidin A pore in the presence of electrical charges on the surface of membrane, the I-V curves with di erent positive applied voltages (δV) are plotted in Fig. 5 , and the conductances with negative charge densities on each side of the bilayer are shown in Fig. 6 (the positions of negative charges are illustrated in Fig. 4) . Here the applied voltages (δV) are positive, as stated in Section 2.2, the entrance of pore is on the left side of the membrane In these simulations, the negative charge density on the surface of channel, ρm is − × .
e/Å . We got this value through tting the numerical result of this model to the experimental result of the conductance. As shown in Fig. 5 and 6 , the current and the conductance of gramicidin A increase dramatically only when the magnitude of the negative charge densities increase on the left lea et of the membrane where the entrance of the channel is located. Both current and conductance almost remains constant as the magnitude of the negative charge densities increase on right lea et of the membrane where the exit of the channel is located. Moreover, gramicidin A conductance increases almost linearly when the magnitude of the negative charge densities on the left side of the lipid bilayer is smaller than × .
e/Å , and reaches saturation when the magnitude of the negative charge density on the bilayer becomes larger than × .
e/Å . These simulation results are in good qualitatively agreement with the experimental results reported by Majd et al. [28] .
The steady-state ion concentrations and electric potentials for these cases along the central line of the solvent box (y = ) with the same applied voltage are shown in Fig. 7 and Fig. 8 . Fig. 7 shows that the concentration of positive charge is much higher than that of negative charge in the pore (− Å < x < Å). This is in agreement with the fact that gramicidin A pores are permeable to cations. It is also shown in Fig. 7 that in the channel region (− Å < x < Å) the positive and negative charge densities are almost the same when the di erent sides of bilayer are negatively charged. Fig. 8 demonstrates that the slop of electrical potential increases as more negative charges are added to the left side of the bilayer, while the potential almost remains the same as more negative charges are added to the right side of bilayer. Together with the de nition of current in the channel in (17), we can see that the current passing through the pore is more a ected by the electrical potential than by the charge densities within the pore.
It is also illustrated in Fig. 9 that the positive charges are attracted by the negatively charged lipid surface and accumulate to high densities near the negatively charged side of the bilayer, and the negative charges are repelled by the negatively charged lipid surface, as expected.
The above results suggest that the negative charges near the entrance of the gramicidin A pore (the positively polarized compartment of the bilayer) have much more e ect on the conductance of the channel than those far from the entrance of the gramicidin A pore. To examine this, we performed the numerical simulations with the following two di erent negative charges distributions on the left side (positively polarized) of bilayer. One places the negative charges on left side of membrane far from the entrance of pore, Γ l far = Γ ∩ {x = − Å, |y| > Å}, while the other places negative charges on side of the membrane near the entrance of pore,
and
where ρ = − k, k = , , · · · , in the simulation. Interestingly, Fig. 11 demonstrates that the amplitudes of the conductances are smaller and the asymmetrical e ect becomes a little insigni cant when the negative charges are placed far away from the channel. Here, the asymmetrical e ect is the di erence between the curves of conductances corresponding to two different cases, one is changing the surface charges near the entrance of the pore the other is the surface charges near the exit of the pore. The di erence between slopes of curves is one of the quanti cations of the asymmetrical e ect. This result highlights the importance of the location of charged species with respect to the gramicidin A entrance.
Furthermore, to study the relationship between the conductance and the width of the pore, the changes of conductance as a function of pore width are simulated. Fig. 12 displays the results of these simulations. It can be seen that the asymmetrical e ect is less pronounced when the pore opens wider. This result emphasizes the importance of the size of the channel opening for sensing purposes. Extremely small width of gramicidin A channel makes this peptide an attractive choice for biochemical sensing applications.
Moreover, to extend this model to predict gramicidin A conductance in the presence of charges associated on the protein surface inside the pore, we simulated the conductance changes with di erent negative charge densities ρm on Γ . Fig. 13 shows that smaller magnitude of negative charge density on the gramicidin A surface exposed to solvent causes the conductance to reach a lower saturation. This result also demonstrates that the sensitivity of gramicidin A conductance to the local environments strongly depends on the magnitude of the surface charge densities inside the pore.
We also simulated the cases of that the current and conductance changes led by the di erent modi ed charged attachments at the tails of gramicidin As (C-terminers of gramicidin A). In these simulations, the current and conductance of native gramicidin A channel are compared with those of the following three cases. The rst is the modi ed negatively charged tails (gA-T − ), in this case,
The second is trimethylgramicidine A channel with positive charged tails (gA-NMe + ). In this situation, we set
e/Å , on {|x| ≤ / Å} ∩ Γ . e/Å (circles) and ρm = − × .
e/Å (rectangles) on Γ . The solid and dashed curves correspond to the negatively charged side of membrane (i.e. the pore entrance and pore exit located sides), respectively.
In the third case, the channel is formed by two di erent modi ed gramicidin A monomers, gA-T − and gANMe + , and the charge density on Γ is set as
Fig. 14 illustrates the locations of di erent charges added to the surface near the tails of Gramicidin As. According to the experimental results reported in references [25] [26] [27] , it is expected in the numerical results that the current and conductance change symmetrically with respect to the polarity of the applied voltages in the rst and second cases, while they change asymmetrically in the third case. As shown in Fig. 15 , the gramicidin A conductance is signi cantly in uenced by the charges attached to the tails of gramicidin A monomers. when the gramicidin A tails are both negatively charged (gA-T − ), the current and conductance increase compared with the case of native gramicidin A. The gramicidin A current and conductance decrease when positively charged chemical groups (NMe + ) are attached to the tails of gramicidin A monomers. As shown in Fig. 16 , when the tails are modi ed by di erent charged groups (left and right tails are charged negatively and positively respectively), the asymmetrical current and conductance changes are also reproduced by our simulations. These ndings are in excellent agreement with the experimental results reported by Yang and colleagues [25] [26] [27] . 
Conclusions
In this study, we present a simpli ed mathematical/physical model for the asymmetrical conductance of the gramicidin A pore when there are electrical charges present around the channel, either on the membrane or attached to gramicidin A. This model is based on the Poisson-Nernst-Planck equations that are well established for describing the ion transport under the gradients of concentration and the electric eld. Using nite element method to numerically solve the Poisson-Nernst-Planck equations on a simple two dimensional solvent domain, previously reported experimental results of asymmetrical changes in gramicidin A conductance are qualitatively reproduced. The simulation results also revealed that the gradient of electric eld plays a critical role in gramicidin A asymmetrical behavior, and the conductance of the gramicidin A pore is more in uenced by the presence of negative charges near the entrance of the pore than those far from the entrance.
As with gramicidin A channel, there are relatively few theoretical studies for conductance changes. In a previous work [7] , Cardenas et al. simulated the e ects on membrane gramicidin A electrostatics to the conductance based on the Poisson-Nernst-Planck model. The present work di ers from work of Cardenas et al. in the following three aspects. Firstly, we address the speci c issues of asymmetrical conductance changes and their relations to di erent parameters in the Poisson-Nernst-Planck model, such as the negative charge densities, and width of the pore, while the work by Cardenas mainly considered the e ects of surface charges and dipoles in membrane on ion permeation through the gramicidin A pore. Secondly, compared with the uniformly lattice methodology used in Cardenas's work, EAFEM with unstructured meshes is adopted in our model for solving the Poisson-Nernst-Planck system. The EAFEM is more suitable for capturing the behavior of boundary layers on the interface between solvent and macromolecule in reaction-di usion processes. Thirdly, the 3D structure of gramicidin A and bilayer are represented by lattices in Cardenas' paper, while in our simulations, we only modeled the structures of the channel system using 2D geometries of rectangles and ellipses and our corresponding 3D codes are under development. Although the 2D model used in our model is less realistic than 3D models, the essential asymmetrical e ects are qualitatively reproduced by our model. This also suggests that the asymmetrical conductance change is a robust mechanism, insensitive to the exact three dimensional geometry structure of the channel. Additionally, the 2D model makes the computations less complicated and easier to be implemented. In the future, we will further implement the 3D computational model in which the structures of ion channel system are approximated more accurately by tetrahedral meshes conforming the interface between solvent and macromolecule. The conforming meshes are aligned with the "real" ion channel surface, whereas in the lattices method, the mesh is nonconforming because it is allowed to "cut through" the ion channel surface. This will provide advantages of accurately treating proper speci cation of boundary conditions on the surface and leads to simulation results that are more comparable to experimental results.
In current Poisson-Nernst-Planck model, the nite-size e ects are disregarded by treating the solvent and ions as in nitesimal points. There are a number of excellent works that have explored the e ects of nite ion size on transport (including PNP) [4, 10, 11, 22, 24, 29, 36, 37, 39, 42, 46] . The steric Poisson-Nernst-Planck [17] is one of typical models accounting for the nite-size e ects of ions formulated by the energetic variational approach [12] . It has been observed that the 1D computational results of steric Poisson-Nernst-Planck greatly enhances the selectivity of the ion channel. In the near future, another improvement of the Poisson-Nernst-Planck model is to implement the 3D computations of steric Poisson-Nernst-Planck [17] taking into account the critical nite-size e ects of mobile ions moving through the narrow channel.
